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Abstract
We describe the construction of configurations of D6-branes wrapped on compact 3-
cycles intersecting at points in non-compact Calabi-Yau threefolds. Such construc-
tions provide local models of intersecting brane worlds, and describe sectors of four-
dimensional gauge theories with chiral fermions. We present several classes of non-
compact manifolds with compact 3-cycles intersecting at points, and discuss the rules
required for model building with wrapped D6-branes. The rules to build 3-cycles are
simple, and allow easy computation of chiral spectra, RR tadpoles and the amount
of preserved supersymmetry. We present several explicit examples of these construc-
tions, some of which have Standard Model like gauge group and three quark-lepton
generations. In some cases, mirror symmetry relates the models to other construc-
tions used in phenomenological D-brane model building, like D-branes at singularities.
Some simple N = 1 supersymmetric configurations may lead to relatively tractable G2
manifolds upon lift to M-theory, which would be non-compact but nevertheless yield
four-dimensional chiral gauge field theories.
1Angel.Uranga@uam.es
1 Introduction
There has been a lot of recent progress in model building of four-dimensional chiral
string models with D6-branes wrapped on 3-cycles, mostly centered on phenomenolog-
ical models [1, 2, 3, 4, 5, 6, 7] (see [8] for earlier work, and [9] for theoretical issues in
mainly non-chiral models).
All such models are compact, hence to define the gauge sector one needs to specify
the full model, and to some extent one would have to deal with difficult gravitational
issues (for instance the issue of the cosmological constant in non-supersymmetric mod-
els). Moreover, most models have been worked out in the particular case of six-torus
(or orbifolds/orientifolds thereof), with only partial success in extending to Calabi-Yau
models [7]. This makes the generality of the results questionable.
On the other hand, other setups like D3-branes located at singularities allowed a
more interesting bottom-up approach, where one cooks up a local model (D-branes at
a singular point in a non-compact Calabi-Yau) which might subsequently be regarded
as a local description for a small region in a full-fledged compactification with four-
dimensional gravity. This allows to decouple the gauge sector (which mainly depends
on the local structure) from the details of the choice of compactification manifold, and
from many difficult (although clearly important) gravitational issues.
It would be highly desirable to have a similar bottom-up approach for models of in-
tersecting D6-branes. This is the task that we undertake in the present paper. Namely
we are interested in non-compact Calabi-Yau spaces with compact 3-cycles which in-
tersect at points. D6-branes wrapped on such 3-cycles lead to four-dimensional gauge
field theories with chiral fermions arising at intersections, just as in toroidal models. In
addition, the models may contain D6-branes wrapped in non-compact 3-cycles; these
represent global symmetries from the viewpoint of the four-dimensional theory (their
gauge coupling is infinitely suppressed due to the infinite volume) and may become
gauged in a fully compact model (depending on the details of the compactification).
Such local models may subsequently be embedded in a full-fledged global compactifica-
tion, with four-dimensional gravity. The important point is that many features of the
local D-brane configuration, and hence of the gauge sector of the theory, are insensitive
to the details of the compactification. The idea is illustrated in figure 1
In the present paper we present several classes of non-compact Calabi-Yau three-
folds with compact 3-cycles intersecting at points. The fact that such local Calabi-Yau
spaces exist is clear, for instance from mirror symmetry as follows. As discussed above,
D3-branes at singularities lead to localized four-dimensional gauge theories with chiral
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Figure 1: Bottom-up approach to embedding the gauge theory sectors from intersecting
D-branes in string compactification. In a first step a) one considers local configurations of
D6-branes wrapped on compact 3-cycles in a non-compact space W. The local configuration
may be subsequently embedded in a global compactification, step b). Many features of the
chiral gauge field theory on the D6-branes are not sensitive to the details of the compactifi-
cation and depend only on the local geometry W.
fermions. From the viewpoint of D-branes on Calabi-Yau spaces, systems of D3-/D7-
branes at singularities correspond to the so-called B type branes, namely can be re-
garded as higher dimensional D-branes wrapped on holomorphic cycles of the Calabi-
Yau M and carrying holomorphic gauge bundles [10]. Upon application of mirror
symmetry, they are mapped to A type branes, in this case D6-branes wrapped on spe-
cial lagrangian 3-cycles in the mirror geometry W [10], which is non-compact as well
1. Since mirror symmetry relates configurations yielding the same physics, the final
D6-branes inW must wrap compact 3-cycles intersecting at points, so as to reproduce
the four-dimensional gauge theories with chiral fermions obtained from M.
In fact, several interesting Calabi-Yau threefolds W are familiar from the mirror
symmetry literature. However, even though mirror symmetry is a fascinating subject,
in this paper we take the viewpoint of studying interesting non-compact threefolds with
potential to lead to interesting four-dimensional chiral gauge theories by wrapping D6-
branes on compact 3-cycles. We are interested in providing a set of rules to compute
their spectra for diverse Calabi-Yau constructions, regardless of whether or not their
mirror manifolds M are known 2.
1A particular case of mirror symmetry (in a global rather than local context) is the T-duality
between toroidal models with D9-branes with magnetic world-volume fluxes (see [11, 1, 12] for recent
constructions) and toroidal models with D6-branes on 3-cycles; consistently with [13].
2However, we would like to point out that some of our results (like for instance the description of
2
We will describe the basic rules for the construction of compact intersecting 3-
cycles in two large classes of non-compact Calabi-Yau spaces. Within each class we
will present simple examples of models with spectrum similar to the Standard Model,
simply to illustrate the richness of the constructions. More detailed search for phe-
nomenological models is left for future work.
One clear advantage of the use of local configurations in model building is that
they allow a better handle on the final spectrum of the gauge sector of the theory.
A second advantage, from the phenomenological viewpoint, is that models with D6-
branes wrapped on 3-cycles localized in a small region of the Calabi-Yau allow for a low
string scale. Indeed, by enlarging the dimension of the Calabi-Yau which are transverse
to the set of D6-branes one may reproduce a large four-dimensional Planck mass, even
for low string scales, without enlarging the size of 3-cycles (therefore without the risk
of generating too light Kaluza-Klein replicas of Standard Model gauge bosons). This
possibility was not allowed in toroidal-like models, since they contain no direction which
is transverse to all D6-branes [1].
Finally, some of the wrapped 3-cycles in our models are topologically 3-spheres,
hence the corresponding gauge groups do not contain adjoint N = 1 chiral multiplets.
This is in contrast with toroidal models (and quotients thereof) where the 3-cycles used
had non-trivial b1 and lead to a number of (phenomenologically undesirable) adjoint
matter multiplets.
The paper is organized as follows. In Section 2 we describe a class of non-compact
Calabi-Yau threefolds, describe several kinds of compact and non-compact 3-cycles
in them, and construct explicit examples of local intersecting brane worlds with D6-
branes wrapped on 3-cycles. Some of them have gauge sector spectrum close to the
Standard Model. In Section 3 we briefly sketch several generalizations of the above
construction in more involved threefolds, with a richer structure of compact 3-cycles.
Our treatment aims at stating the basic model building rules, and we leave their more
systematic exploration for future work. In Section 4 we describe manifolds given by a
product of a two-torus times a non-compact two-fold. We describe diverse 3-cycles in
such space, and use them to build chiral gauge sectors of intersecting D6-branes. In
Section 5 we discuss the construction of some explicit configurations, in certain (non-
CY) threefold with topology T2 × T2 ×Y, with Y a non-compact Riemann surface,
and producing just the Standard Model gauge interactions and chiral fermion content.
D6-branes mirror to D7-branes at singularities, section 2.5.2) are not described in the mirror symmetry
literature, hence should interest the corresponding readers.
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Figure 2: Schematic depiction of the fibration structure of the threefold W. At certain
points on the z-plane, the C∗ or the elliptic fiber degenerate.
In Section 6 we present our concluding remarks.
2 Local intersecting brane worlds in non-compact
threefolds
In this section we describe a class of non-compact threefolds with compact 3-cycles
intersecting at points. They have been studied in [14, 15, 16, 17] in a different context
(building on earlier work [18]), so we find it useful to review their basic results.
2.1 The threefolds
Let us consider the following class of non-compact Calabi-Yau threefolds, given by the
equations
u v = z
y2 = x3 + f(z) x + g(z) (2.1)
It corresponds to a non-compact complex plane, parametrized by z, over which we have
a C∗ fibration times an elliptic fibration. The structure of the fibration is sketched in
figure 2. Over a generic point z0, the C
∗ fiber is given by uv = z0, and contains an S
1
(e.g. for real z0, the S
1 is made manifest by introducing u = x1 + ix2, v = x1 − ix2
and taking xi real in x
2
1 + x
2
2 = z0). At z = 0 the C
∗ fiber degenerates to two complex
planes, and the §1 shrinks to zero.
Over a generic point the fiber of the elliptic fibration is a two-torus; the fiber
degenerates at points za which we will label by the (p, q) 1-cycle that collapses. The
4
degeneration points and their (p, q) nature depend on the polynomials f(z), g(z) and
we specify them in the discussions below. The 1-cycles in the fiber of the elliptic
fibration suffer SL(2, Z) monodromies in going around degenerate fibers. Hence, out
of each degeneration point of the elliptic fibration, there is a branch cut in the z plane
going off to infinity. In crossing (counterclockwise) a branch cut due to a (pa, qa)
degeneration, an (r, s) 1-cycle suffers a monodromy and turns into an (r′, s′) one, with
(
r
s
)
→
(
r′
s′
)
=
(
1 + paqa −p
2
a
q2a 1− paqa
)
·
(
r
s
)
=
(
r
s
)
+ (rqa − spa)
(
pa
qa
)
(2.2)
The location of these branch cuts is unphysical. However, the (p, q) labels of degenera-
tions themselves may change by moving the branch cuts. Therefore it is convenient to
fix a canonical representation for the elliptic fibration; without loss of generality in the
discussion of topological properties 3, we choose to order the degenerations in coun-
terclockwise circle around z = 0 in the z-plane with branch cuts emanating outwards.
We will denote such configuration by
(p1, q1), (p2, q2), . . . , (pN , qN) (2.3)
We will not need to move degeneration points through branch cuts 4; however for
completeness we point out that the rules for such crossings are
(pi, qi) , (pi+1, qi+1) → (pi+1, qi+1) , [ (pi, qi) + Ii,i+1(pi+1, qi+1) ]
(pi, qi) , (pi+1, qi+1) → [ (pi+1, qi+1) + Ii,i+1(pi, qi) ] , (pi, qi) (2.4)
with Ii,i+1 = piqi+1 − qipi+1.
We will shortly see that this class of threefolds are interesting in that, although
they are non-compact still contain a rich structure of compact 3-cycles. Threefolds of
this kind (with degenerations specified below) are familiar from the literature on mirror
symmetry, since they provide the (local) mirrors of Calabi-Yau threefold singularities
given by complex cones over del Pezzo surfaces 5. The set of N degenerate elliptic fibers
3Beyond topology, the precise location and nature of the (p, q) degenerations varies over moduli
space, or more precisely, over a suitable cover of moduli space (Teichmu¨ller space).
4A beautiful connection, which we will not exploit in the present paper, relates Picard-Lefschetz
transformations (transformations where degeneration points move around branch cuts and return
to their original positions) to non-trivial transformation on field theory on D-brane probes (Seiberg
dualities). See [19, 20, 21, 16, 22, 17, 23, 24] for further discussions.
5For the interested reader, the total space is the anticanonical bundle over the del Pezzo surface.
The kth del Pezzo surfaces can be constructed as the blow up of P2 at k generic points or the blow
up of P1 ×P1 at k − 1 points (0 ≤ k ≤ 8).
5
in the mirror W of the N th del Pezzo surface is given (in canonical representation) by
(1, 0), . . . , (1, 0), (2,−1), (−1, 2), (−1,−1) (2.5)
It is interesting to point out that the complex cone over P2 is the familiar C
3/Z3
orbifold singularity; we will use its mirror, which is the manifold (2.1) with degener-
ated elliptic fibers (2,−1), (−1, 2), (−1,−1), in many of our explicit discussions below.
However, extension to other threefolds should be clear.
For future convenience we note that the total monodromy due to the branch cuts
of the above set (2.5) of degenerate elliptic fibers is T 12−N with
T =
(
1 1
0 1
)
(2.6)
which leaves the 1-cycle (1, 0) invariant. This total monodromy will turn out important
in the construction of certain compact 3-cycles, see Section 2.5.1. However, it is not
necessary for consistency, and other elliptic fibration with other sets of degenerate
fibers can be studied using similar techniques. In [25] the authors defined and classified
isolated configurations of (p, q) degenerations of elliptic fibers, namely those that may
be obtained from compact elliptic fibrations by taking a non-compact limit. In order to
keep within the non-compact setup one should restrict to those configurations 6. Any
elliptic fibration of this kind would provide a sensible threefold 7. Even though we will
mainly center on the set of degenerations (2.5) for examples, our techniques apply to
other examples.
We would like to emphasize that even though these threefolds first appeared in
the mirror symmetry context, we are not particularly interested in mirror symmetry.
Rather, we use these familiar threefolds to build models of local configurations of D6-
branes wrapped on intersecting 3-cycles. We expect the results and techniques learnt
in this context to extend to other threefolds whose mirror symmetry properties are
not particularly interesting/known. However we will make some side remarks on the
mirror symmetry interpretation of some of our D6-branes along the way.
6Even though the techniques in our paper are valid to construct 3-cycles in compact fibrations as
well, additional constraints from global tadpole cancellation would complicate the analysis beyond our
main interest.
7One may be willing to relax the Calabi-Yau condition and consider non-supersymmetric three-
folds; to our knowledge there is no easy rule to determine which sets of degenerations give sensible
manifolds. One may always start with the Weierstrass form for the elliptic fibration and determine
the monodromies due to degenerate fibers.
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2.2 D6-branes on 3-cycles
2.2.1 A simple set of compact 3-cycles
Let us consider a general threefold W of the above kind, with the elliptic fibration
specified by a set of (pa, qa) degeneration points in canonical representation. We now
describe a simple class of compact 3-cycles in this non-compact space, at the topological
level. See section 2.3 for a discussion of supersymmetry conditions.
Consider a segment in the z-plane that joins (without crossing any branch cut)
z = 0 with the (pa, qa) degeneration point za. A compact 3-cycle with no boundary is
obtained by taking this segment and fibering over it the S1 in the C∗ fibration times
the (pa, qa) 1-cycle in the elliptic fibration, see figures 3, 4a. We will denote such cycle
a (pa, qa) 3-cycle. This 3-cycle is topologically a 3-sphere, as follows. Near the pinch
of a degenerate fiber at z0, an elliptic fibration may be described by u
′v′ = z − z0.
Taking this equation along with the C∗ fibration uv = z, we obtain uv− u′v′ = z0. By
changing variables we can recast this as
x21 + x
2
2 + x
2
3 + x
2
4 = z0 (2.7)
Taking e.g. z0 real, our 3-cycle is given by taking real xi, which describes an S
3 with
size controlled by z0, the length of the segment on the z plane.
Two such (pa, qa) and (pb, qb) 3-cycles generically intersect at several points, located
on the fiber over z = 0 (where they coincide both in the z-plane and in theC∗ fibration),
see figure 3. Their intersection number when both are identically oriented in C∗ and
on the z-plane (say, both outgoing from z = 0) is given by
Iab = pa qb − qa pb (2.8)
Hence D6-branes wrapped on these 3-cycles are interesting examples of local configura-
tions of intersecting D6-branes giving four-dimensional gauge field theories with chiral
fermions. Explicit examples are discussed in Section 2.5.
This set of 3-cyles is moreover important in that it provides a basis for the compact
3-homology of the manifold W. Hence any other compact 3-cycle can be expressed
topologically as a linear combination of 3-cycles in the above set. However, the minimal
volume 3-cycle representative of a given homology class may not be a 3-cycle of the
above simple kind, as we describe in the following.
7
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z    a    z    b    
(p  ,q  )    b    b    (p  ,q  )    a    a    
z=0    
Figure 3: Schematic depiction of the intersection between two compact 3-cycles. The two
3-cycles touch at z = 0 in the z-plane, where they also touch in the C∗ fiber since the S1
shrinks to zero. On the elliptic fiber, the 3-cycles intersect according to their (p, q) labels.
(−1, 2)    
(−1, −1)    ( 2,−1)    
(−1, 2)    
a)
(−1, 2)    
(−1, −1)    ( 2,−1)    
b)
Figure 4: Two examples of different compact 3-cycles. Fig a) shows a compact 3-cycles
obtained by fibering over a segment in the z-plane a (p, q) = (−1, 2) 1-cycle in the elliptic
fiber and the S1 in the C∗ fibration. Fig b) shows a compact 3-cycle obtained by fibering
suitable (p, q) 1-cycles over segments over a network in the z-plane. Note the conservation of
(p, q) wrapping numbers across the junction.
2.2.2 3-cycles from junctions of (p, q) segments
There are more general compact 3-cycles that the above ones. They can be obtained
by taking a network of oriented segments in the z-plane, joining at junctions, and with
outer legs ending on the (pa, qa) degenerations or at z = 0. Over such segments we
fiber the S1 in the C
∗ fibration and a (p, q) 1-cycle in the elliptic fibration. To obtain
a closed 3-cycle the (p, q) label of the segments must be additively conserved at each
junction, and segments ending on a degeneration of the elliptic fibration must be of
the correct (p, q) kind. One example of a compact 3-cycle from a junction of (p, q)
segments is shown in figure 4.
The rules concerning 3-cycles from junctions are identical to the rules for junctions
8
a)
(r,s) (r’,s’)
(p,q)
(r,s) (r’,s’)
I (p,q)
b)
Figure 5: The prong creation process shows the existence of junction 3-cycles in our geome-
tries.
of (p, q) strings in type IIB seven-brane backgrounds 8. In fact our configurations
are related by U-duality to type IIB configurations with a set of (pa, qa) seven-branes
(U-dual to our degenerations of the elliptic fibration), one D3-brane (U-dual to the
degeneration of the C∗ fibration), and (p, q) strings (U-dual to the D6-branes on 3-
cycles) 9. The topological properties of string junctions have been extensively studied
(see e.g. [27, 28, 29, 30, 31, 32, 25]) and we have found those results useful in studying
3-cycles. In fact, some of the above (and below) conventions and phenomena are taken
from standard string junction techniques. However we have chosen to briefly re-describe
them in our present context.
In analogy with string junctions, it is possible to derive the existence of junction
3-cycles by the prong creation process [27], illustrated in figures 5, 6. Consider an (r, s)
segment crossing a (p, q) branch cut, hence turning into an (r′, s′) segment, see (2.2).
Moving the segment across the (p, q) degeneration point, prongs emanating from the
latter are created, and the 3-cycle becomes a junction 3-cycle. The number of prongs
outgoing from the degeneration point is given by
I(r,s),(p,q) = rq − ps. (2.9)
8These rules have also appeared in the study of networks of type IIB five-branes in seven-brane
backgrounds [26].
9The duality chain proceeds as follows. We start with a space roughly of the form C∗ ×T2 ×Cz,
with fibered products, with one C∗ degeneration, a set of (p, q) elliptic fiber degenerations, and D6-
branes on 3-cycles made of (r, s) segments. T-dualizing along the three spatial Minkowski directions
turns the D6-branes into D3-branes on the same 3-cycle. Further T-duality along the S1 direction in
C∗ turns the C∗ degeneration into a NS5-brane, and the D3-branes into D2-branes. Subsequent lift
to M-theory leads to a geometry R × S1 × T2 × Cz with one M5-brane, a set of (p, q) degenerate
T2 fibers, and M2-branes on (r, s) 3-cycles. Upon shrinking T2 one recovers a IIB model with one
D3-brane, a set of (p, q) seven-branes and a network of (r, s) strings.
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a) b)
(−1,−1)
( 2,−1)
( 2,−1)
(−1, 2) (−1, 2)
( 2,−1)
(−1,−4) (−1,−4)
3 (−1,−1)
Figure 6: An example of a prong creation process with compact 3-cycles.
This process can be understood from charge conservation on the volume of the (p, q)
degeneration, when regarded as an object, or from geometrical considerations as in [19].
It is ultimately related by U-duality to the Hanany-Witten brane creation process [33].
Intersection numbers of junction 3-cycles are easily computed by careful addition
(with signs) of intersections of different segments. Notice that two segments crossing
away from z = 0 give zero contribution since since do not intersect on the C∗ fiber.
2.2.3 Non-compact 3-cycles
It is clear that we have restricted our discussion to compact 3-cycles only for con-
venience. The setup immediatly allows to construct non-compact 3-cycles by using
networks of (p, q) segments with some legs going off to infinity, over which we fiber the
S1 in the C∗ fibration times the corresponding (p, q) 1-cycle in the elliptic fibration. In
order to obtain consistent 3-cycles, external segments must end at infinity, at a suitable
(p, q) degeneration, or at the C∗ degeneration point z = 0.
Intersection numbers between compact and non-compact 3-cycles are computed
straightforwardly. However, intersection numbers between non-compact 3-cycles re-
quire for their definition some information about asymptotic behaviour (in other words,
there may be some intersection number contribution lying at infinity, which would be-
come manifest only upon compactification). To avoid complications, we will not discuss
intersection numbers among non-compact 3-cycles.
In this section we would like to introduce a different kind of non-compact 3-cycles,
which, instead of wrapping the S1 in the C∗ fibration, span the non-compact direction.
At a generic point z0 = re
iθ, the latter is given e.g. by taking u = seiθ/2, v = r/seiθ/2
in uv = z0, with s ∈ R parametrizing the non-compact line. The non-compact 3-cycles
we are interested in are obtained by taking networks of (p, q) segments (extending
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to infinity in the z-plane or not) and fibering the non-compact direction in the C∗
fibration, times the corresponding (p, q) 1-cycle in the elliptic fibration. Notice that
for these 3-cycles no external segment is allowed to end on the C∗ degeneration point,
since this would result on a 3-cycle with boundary.
There are two important differences between 3-cycles wrapping the S1 or the non-
compact directions in C∗ (momentarily denoted a and b 3-cycles, respectively). The
first is topological: A non-compact a-cycle does not intersect other a-cycle (whether
compact or not) unless both have segments ending on the C∗ degeneration point. In
particular, segments crossing away from z = 0 do not lead to net intersection number,
since both cycles are parallel on the C∗ fiber. On the other hand, a non-compact b-
cycle intersects an a-cycle at any crossing of segments, with intersection number given
by I(p,q),(p′,q′). This makes non-compact b-cycles more interesting that non-compact
a-cycles 10.
The second important difference concerns the conditions for supersymmetry, so we
postpone its discussion until next section.
A last important fact concerning 3-cycles of b kind is the following: when such a 3-
cycle with label (p, q) crosses over z = 0, a prong emanating from z = 0 (with suitable
orientation) is created, corresponding to a piece of a-cycle with (p, q) label. Creation
of this prong is due to the fact that the non-compact direction in C∗ intersects the
1-cycle degeneration at z = 0 (namely, the S1 in C∗), and can be shown as previous
prong creations processes 11. This fact will be useful in some deformation arguments
in section 2.5.2.
2.3 Supersymmetry and calibrations
Different D-branes of A type (e.g. D6-branes wrapped on 3-cycles) preserve a common
supersymmetry if they calibrate with respect to the same 3-form Ω3. Namely, if they
are special lagrangian (slag) with respect to Ω3. A 3-cyles is special lagrangian if the
10There are also further sources of intersection which we will not need, but list here for completeness:
segments of the a and b kind ending on the same (p, q) degeneration contribute to the intersection
number. Similarly, a (r, s) segment crossing the branch cut of a (p, q) degeneration contributes an
intersection number I(r,s),(p,q) with a segment ending on the (p, q) degeneration, if they are of a and
b kind, or viceversa. This can be seen by moving the (r, s) segment through the degeneration; the
newly created prongs do intersect the (p, q) segment.
11For instance by recalling that a C∗ fibration near a degeneration can be constructed from an
elliptic fibration near a degeneration by taking the decompactification limit of the fiber. The a and b
cycles in the torus turn into the a and b cycles in the C∗
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restriction of the Ka¨hler form J vanishes, and if the imaginary part of the restriction of
the calibrating 3-form vanishes (Im(Ω3) = 0 restricted to the 3-cycle). For the 3-cycles
that we consider the former condition is automatically satisfied, hence we just need to
impose the latter.
For flat geometries like tori and factorized 3-cycles, the supersymmetry conditions
can be stated in terms of simple condition of the angles of the 3-cycle in the different
complex planes. Even though our geometries are more involved, it is remarkable that
the supersymmetry conditions can be similarly stated as simple conditions on the
orientation of the 3-cycles on the z-plane, the C∗, and the elliptic fiber.
The geometries at hand are
y2 = x3 + f(z) x + g(z)
u v = z (2.10)
We may recast the elliptic fibration in terms of two real variables x1, x2 with identifi-
cations x1+ ix2 = (x1+ ix2)+ 1 and x1+ ix2 = (x1+ ix2)+ τ with τ(z) the fiber torus
period 12. Then a calibrating 3-form is
Ω3 = i
du
u
∧ (dx1 + idx2) ∧ dz (2.11)
A typical kind of 3-cycles found above is given by
u = a eiθ
v = a e−iθeiθ1
z = a2 eiθ1
x1 + ix2 = ( p + τ q ) b (2.12)
parametrized by a, b, θ ∈ R. It wraps the S1 fiber in the C∗ fibration, a real line in the
z-plane, and the (p, q) 1-cycle in the elliptic fiber. Denoting p + τq = Leiθ2 , we have
that Ω3 when restricted to the cycle
Ω3 = −2La e
i(θ1+θ2) dθ ∧ db ∧ da (2.13)
The 3-cycles is Slag with respect to the 3-form if θ1+θ2 = 0 (if θ1+θ2 = π the wrapped
D-brane preserves the opposite supersymmetries, i.e. behaves as the corresponding
antibrane). With a suitable choice of conventions, this amounts to requiring that the
slope of the base segment in the z-plane is adjusted to its (p, q) label.
12The period is determined from (2.10) via the familiar modular invariant j-function, j(τ) = 4(24f)
3
4f3+27g2
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A second kind of 3-cycle is given by
u = a eiϕ0
v = b e−iϕ0eiθ1
z = a b eiθ1
x1 + ix2 = ( p + τ q ) c (2.14)
paremetrized by a, b, c ∈ R. It spans the non-compact direction in C∗, a line in the
z-plane, and wraps the (p, q) 1-cycle in the elliptic fiber. The 3-form restricted to the
3-cycle gives
Ω3 = i L e
i(pi/2+θ1+θ2) da ∧ db ∧ dc (2.15)
The 3-cycle is supersymmetric with respect to that 3-form if θ1+ θ2+ π/2 = 0. Notice
that the 3-cycle preserves the same susy as the previous one (2.12) if they intersect at
angles in SU(3) (taking into account the π/2 angle in C∗) as in [34].
In general we will be happy if every 3-cycle is Slag with respect to some calibrating
3-form. This simply means that the 3-cycle is the product of three minimal volume
1-cycles. In particular, they fiber over geodesics (straight lines in the pictures) in the
z-plane. If all 3-cycles happen to calibrate with a common 3-form (namely their slopes
in the z-plane are adjusted to their (p, q) labels), an overall N = 1 supersymmetry will
be preserved. If not, intersections are typically non-supersymmetric; we expect that
the corresponding potential open string tachyons may be avoided in some regions of
moduli space.
In talking about supersymmetric cycles, an important notion is their moduli space.
Let us simply quote the standard result [35] that for a Slag 3-cycle Π the (complex)
dimension of its moduli space is b1(Π). From the field theory viewpoint, this is the
number of adjoint matter multiplets of the corresponding gauge group. Hence, Slags
which are topologically S3 lead to no adjoint matter, while Slags which are topologically
T3 have three adjoint chiral multiplets.
We conclude by mentioning that in most arguments above and to follow, involving
only topological properties, we will not care about susy at all, even for a single set of
branes. Hence we drop the Slag condition for topological issues.
2.4 Tadpole cancelation
In a compact threefoldW, the RR tadpole cancellation conditions for a set of Na D6a-
branes wrapped on 3-cycles with homology classes [Πa] are obtained from consistency
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of the equations of motion of the RR 7-form C7. From the action
SC7 =
∫
M4×W
H8 ∧ ∗H8 +
∑
a
Na
∫
M4×Πa
C7 (2.16)
(where H8 is the field strength tensor for C7) the equations of motion read
dH8 =
∑
a
Na δ(Πa) (2.17)
with δ(Π) is a bump 3-form with support on the 3-cycle Π. This equation in homology
gives an integrability condition (Gauss’ law)
[Πtot] =
∑
a
Na [Πa] = 0 (2.18)
In a non-compact space, RR flux may escape to infinity, so the total homology class need
not vanish. Rather, charge associated to homology classes which may be taken away to
infinity by deformation should be allowed. Such homology classes correspond to cycles
which do not intersect any localized 3-cycle (and hence are not in principle topologically
obstructed to be carried away to infinity, at least for sufficiently non-compact manifolds
[36]). Therefore the RR tadpole conditions for non-compact threefolds read
[Πtot] · [Σi] = 0 (2.19)
where [Σi] are a basis of compact 3-cycles. This automatically guarantees cancellation
of cubic non-abelian anomalies 13, as can be easily checked.
Since a general discussion of the contribution of different sets of branes to the
tadpoles is involved, we postpone the detailed computation of tadpoles to the explicit
examples below. For the time being, it is enough to state that the conditions boil down
to requiring cancellation of gauge anomalies in the generic gauge theory from D6-branes
wrapped on the basic compact 3-cycles 14 (as expected from other discussions in non-
compact setups where RR tadpoles and anomalies were shown to be equivalent [36]).
Notice that in embedding the local model into a global compact one, the remaining
tadpole may be saturated by adding branes in the correct homology class. From the
viewpoint of the gauge group in the non-compact case, this would be a hidden non-
intersecting brane, leaving the local gauge sector unchanged (although in the compact
setup the brane may become visible, if it is charged under groups of previously non-
compact branes, since the latter become gauged upon compactification).
13It also guarantees that mixed U(1) - non-abelian anomalies cancel by a Green-Schwarz mechanism,
involving scalars arising from integrals of the RR 3-form over 3-cycles. Its derivation is given in [2],
section 3.2.2, where it was already announced that its validity was beyond the toroidal setup.
14By this we mean requiring the number of fundamentals and antifundamentals to be equal for all
nodes in the quiver gauge theory, regardless of the number of branes associated to such node.
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Figure 7: Configuration of D6-branes wrapped on compact 3-cycles in a RR tadpole free
fashion.
2.5 Some examples of model building
In this section we describe some simple examples of four-dimensional chiral gauge
theories which can be obtained using the above threefolds.
2.5.1 A simple example with matter triplication
Consider the threefold W defined by (2.1) with elliptic fiber degenerations
(2,−1) , (−1, 2) , (−1,−1) (2.20)
Consider a configuration of N D6-branes wrapping each of the three S3 basic 3-cycles
obtained from segments stretching from z = 0 to the (p, q) degeneration points of the
elliptic fibration, figure 7a.
Let us denote [Σ(p,q)] the homology class of the corresponding 3-cycle. It is easy
to check that this configuration satisfies cancellation of RR tadpoles. Specifically, the
sum of the three basic 3-cycles is homologous to a 3-cycle which can be taken away to
infinity. The latter 3-cycle is given topologically by a closed path around the origin in
the z-plane over which we fiber the S1 in the C∗ fibration times a 1-cycle in the elliptic
fibration, with (p, q) labels as in figure 8a. Note that the existence of this 3-cycle is
possible from the fact that the total SL(2, Z) monodromy in the elliptic fibration is
T 9, see discussion around (2.6). The 3-cycle is topologically a 3-torus, so it has a three
complex dimensional moduli space (corresponding to motion in the three transverse
directions, plus turning on Wilson lines).
Figures 8a, b, c illustrate the continuous process, involving brane creation, which
connects the homological sum of the three S3’s to the final 3-cycle, thus proving RR
tadpole cancellation in the setup. Hence, we can write the equation
[Σ(−1,−1)] + [Σ(2,−1)] + [Σ(−1,2)] = 0 (2.21)
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a) b) c)
(−1,−1 ) (−1,−1 )( 2,−1 ) ( 2,−1 )
(−1, 2 )
( 1, 0 )
( 1, 0 )
(−1, 1 )( 0,−1 )
( 0,−1 ) (−1, 1 )
(−1, 2 )
Figure 8: Continuous process showing the total configuration of D6-branes in figure 7 is
homologous to a cycle which can be taken to infinity.
modulo a homology element without intersections with the compact 3-cycles (namely,
the homology class of the T3 3-cycle).
It is interesting to note that for a suitable choice of location of the degeneration
points, the above configurations are N = 1 supersymmetric, i.e. satisfy the Slag
condition in section 2.3 for a common calibrating form. Namely, the slopes of different
segments in the z-plane are adjusted to their (p, q) labels. As usual, deformations
of complex structure away from that point in moduli space result in the generation of
Fayet-Iliopoulos terms, potentially triggering brane recombination and gauge symmetry
breaking. For simplicity we choose the supersymmetric configuration, as shown in the
figures.
The intersection numbers are easily computed from our rules
[Σ(−1,−1)] · [Σ(2,−1)] = [Σ(2,−1)] · [Σ(−1,2)] = [Σ(−1,2)] · [Σ(−1,−1)] = 3 (2.22)
The spectrum of the four-dimensional theory on the D6-branes is
Gauge group U(N) × U(N)× U(N)
N = 1Ch.Mult. 3 ( , , 1) + 3 (1, , ) + 3 ( , 1 ) (2.23)
The spectrum can be encoded in the quiver diagram 15 in figure 7b. Even though it
is not realistic, it is a good simple example of a local model for an intersecting brane
world.
Mirror symmetry interpretation
This kind of D6-brane configuration has been quite studied in the mirror symmetry
literature for threefolds W corresponding to mirrors of complex cones over del Pezzo
15A quiver is just a picture encoding the chiral spectrum of a theory, with nodes representing gauge
factors and arrows representing bi-fundamental matter, see e.g. [37, 38, 39, 40, 41].
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surfaces [14, 15, 16, 17]. In fact the set of D6-branes we have built maps to D3-branes
sitting at the singularity M. Moreover, the D6-brane wrapped on the T3 able to
move off to infinity is mirror to a D3-brane in M away from the singular point. The
continuous deformation of 3-cycles in figure 14 is mirror to moving a D3-brane off the
singularity.
The explicit threefold above is mirror to the C3/Z3 orbifold singularity, so the
spectrum on the D6-branes wrapped on the three S3’s matches that of a set of D3-
branes (in N copies of the regular representation of Z3) at the singularity [37, 38, 39,
40, 42]. It is amusing to note that the superpotential of the configuration, which arises
via open string world-sheet instantons in the D6-brane configuration, should match the
familiar result from D3-branes at singularities [38, 39, 40].
It is interesting to note that, at the point in complex structure moduli space where
the D6-brane configuration is supersymmetric, the geometry W has a Z3 symmetry.
It corresponds to the symmetry
z → e2pii/3z(
p
q
)
→
(
−1 −1
1 0
)(
p
q
)
(2.24)
namely a rotation on the z-plane times an order three SL(2, Z) action on the elliptic
fiber (this is simpy an order three geometric action x1 + ix2 → e
2pii/3(x1 + ix2) on the
complex coordinate of the elliptic fiber). This is the mirror of the point in Ka¨hler
moduli space of M that corresponds to the CFT orbifold, and the symmetry is the
so-called Z3 quantum symmetry of the orbifold CFT, not visible in classical geometry
but present in the α′-exact theory 16.
It is amusing to compare and match the different ingredients in both mirror con-
structions (for instance, the RR tadpoles cancellation conditions, the cancellation of
mixed U(1) - non-abelian anomalies via the Green-Schwarz mechanism, [43] vs. [2],
etc), which had been independently derived for D-branes at singularities and D-branes
wrapped on intersecting cycles. Thus seemingly different mechanisms end up related
by mirror symmetry. Leaving the discussion as an exercise for the interested reader,
we turn to construct further models.
Finally we mention that quiver diagrams providing the spectra and superpotentials
for other similar configurations of D6-branes on compact 3-cycles in other threefolds
16There is also a less interesting symmetry, the symmetry between the three complex planes in
C3/Z3 (which also relates the three bi-fundamental chiral multiplets on brane probes). A discrete
subgroup of it seems to be also geometrically realized in the manifoldW as a shift of the elliptic fiber
(which exchanges the different intersection among 3-cycles).
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W (mirror to other cones over del Pezzo surfaces) may be found in e.g. [15]. Instead
of reviewing this known material, we turn to the discussion of new models, including
D6-branes on non-compact 3-cycles.
2.5.2 A Standard Model -like example
Some non-compact 3-cycles
In this section we would like to consider the same threefold as above, but include
D6-branes on non-compact 3-cycles. They will correspond to global symmetries from
the viewpoint of the four-dimensional gauge field theory.
Clearly there is a lot of freedom in choosing non-compact 3-cycles. To somehow
constrain it, we choose to consider 3-cycles that preserve the same N = 1 supersym-
metry as the above D6-brane configuration (at the Z3 symmetric point in complex
structure moduli space). We consider for instance the non-compact 3-cycles obtained
by fibering the non-compact direction in C∗ and the corresponding (p, q) 1-cycles in
the elliptic fiber over the lines shown in figure 9. Using the conditions in section 2.3,
one may check that these 3-cycles are supersymmetric, if one chooses the slopes in the
z-planes as in figure 9.
Let us denote [Λ±(p,q)] the homology classes of the non-compact (p, q) 3-cycles to the
right (resp. left), as one moves counterclokwise, of the compact 3-cycle which they do
not intersect. Hence, the classes of the 3-cycles in figure 9a,b,c are [Λ±(−1,1)], [Λ
±
(0,−1)],
[Λ(1,0)]
±.
The intersection numbers of these non-compact 3-cycles with the basic compact
3-cycles are
[Λ+(−1,1)] · [Σ(2,−1)] = 1 ; [Λ
+
(−1,1)] · [Σ(−1,−1)] = [Λ
+
(−1,1)] · [Σ(−1,2)] = 0
[Λ−(−1,1)] · [Σ(−1,2)] = −1 ; [Λ
−
(−1,1)] · [Σ(−1,−1)] = [Λ
−
(−1,1)] · [Σ(2,−1)] = 0(2.25)
while the remaining can be determined from the Z3 symmetry (2.24).
Now we would like to consider a general configuration of D6-branes wrapped on
the compact 3-cycles [Σ(p,q)] and on these non-compact 3-cycles. The spectrum of the
resulting four-dimensional gauge field theory can be encoded in the quiver diagram
fig 10a), where outer nodes correspond to global symmetry groups associated to non-
compact D6-branes.
Interesection numbers and RR tadpoles
In order to build consistent configurations these wrapped D6-branes must be com-
bined consistently with cancellation of localized RR tadpoles. As discussed above, this
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a)
( 2,−1 )
(−1, 2 )
(−1, 1 )
(−1,−1 )
(−1, 1 )
(−1, 2 )
( 2,−1 )
(−1,−1 )
b)
( 0,−1 )
( 0,−1 )
c)
(−1,−1 ) ( 2,−1 )
(−1, 2 )
( 1, 0 ) ( 1, 0 )
Figure 9: Several useful examples of non-compact 3-cycles.
a)
33
3
33
3
3
3
b)
U(3)
U(2) U(1)
6
Figure 10: Figure a) shows the quiver diagram for the generic gauge theory sector on a set
of D6-branes wrapped on the basic compact (p, q) 3-cycles and on the non-compact 3-cycles
in figure 9. Figure b) shows the quiver diagram encoding a chiral gauge theory constructed
using a particular (tadpole free) choice of wrapped D6-branes; the spectrum is remarkably
close to that of the Standard Model.
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amounts to requiring the numbers of fundamentals and antifundamentals to be equal
for any internal node in the quiver in figure 10a. Equivalently, we may take the total
homology class obtained by wrapping N(p,q), M
±
(p,q) D6-branes on the 3-cycles [Σ(p,q)],
[Λ±(p,q)], and impose the condition (2.19) to obtain
3N(−1,−1) − 3N(2,−1) + M
+
(0,−1) − M
−
(−1,1) = 0
3N(2,−1) − 3N(−1,2) + M
+
(1,0) − M
−
(0,−1) = 0
3N(−1,2) − 3N(−1,−1) + M
+
(−1,1) − M
−
(1,0) = 0 (2.26)
For completeness, we would like to present a more geometrical viewpoint on the
contribution of non-compact 3-cycles to localized RR tadpoles. Using the intersection
numbers with the compact 3-cycles, it is easy to obtain certain relations between ho-
mology classes, which hold in compactly supported homology (that is, up to homology
elements non-intersecting the compact 3-cycles). For instance
[Σ(−1,−1)] + [Σ(2,−1)] + [Σ(−1,2)] = 0 (2.27)
3 [Λ+(−1,1)] + 3 [Λ
−
(0,−1)] = [Σ(−1,2)] ; 3 [Λ
+
(1,0)] + 3 [Λ
−
(1,0)] = −[Σ(−1,2)]
3 [Λ+(0,−1)] + 3 [Λ
−
(1,0)] = [Σ(−1,−1)] ; 3 [Λ
+
(−1,1)] + 3 [Λ
−
(−1,1)] = −[Σ(−1,−1)]
3 [Λ+(1,0)] + 3 [Λ
−
(−1,1)] = [Σ(2,−1)] ; 3 [Λ
+
(−1,1)] + 3 [Λ
−
(−1,1)] = −[Σ(2,−1)]
Alternatively, such relations can be derived by a deformation argument, shown in
figures 8, 11, 12 for the relations in the first and second lines.
Use of relations of this kind would allow a re-derivation of (2.26). We prefer instead
to use them directly in the example below.
The SM like example
We would like to apply the above ingredients in the construction of a local inter-
secting brane world model with semi-realistic spectrum. A simple and very interesting
example is provided by combining compact and non-compact 3-cycles of the above kinds
in a RR tadpole-free fashion as indicated in figure 10b). The numbers in the outer nodes
denote the number of D6-branes wrapped in the corresponding non-compact 3-cycles
(these need not be overlapping, hence the global symmetry is in general abelian, with
non-abelian enhancement in non-generic situations of overlapping branes).
One easily verifies that the D6-brane numbers satisfy the localized RR tadpole
cancellation equations (2.26). Equivalently, one may use the relations (2.28) to show
that the total localized tadpole vanishes
3 [Σ(−1,2)] + 2 [Σ(−1,−1)] + [Σ(2,−1)] + 6 [Λ
+
(1,0)] + 3 [Λ
−
(−1,1)] + 3 [Λ
−
(1,0)] =
= 2 [Σ(−1,2)] + 2 [Σ(−1,−1)] + 2 [Σ(2,−1)] = 0 (2.28)
20
a) b)
 (−1,2  )
 (−1,2  )
c)
 (−1,−1 )
 ( 2,−1 )
3 (−1,1 ) =
3 (0,−1 ) =
 (−2,1 )+(−1,2)
 (−1,−1 )+(1,−2)
 (−1,2  )
 (−1,2  )
 ( 2,−1 ) (−1,−1 )
Figure 11: Geometric derivation of the relation 3[Λ+(−1,1)] + 3[Λ
−
(0,−1)] = [Σ(−1,2)]. We start
in a) from the two sets of non-compact Λ 3-cycles; after splitting their 1-cycle fiber in the
elliptic fibration, recombining the (−1, 2) segments, and moving (p, q) segments across (p, q)
degenerations, without prong creation, we reach b); moving the remaining (−1, 2) segment
across the C∗ degeneration, with prong creation, (we use thickness to signal that the prong
wraps the S1 in C∗, as opposed to the original cycle) leaves a compact 3-cycle [Σ(−1,2)] plus
non-compact 3-cycles not intersecting the compact ones.
a) b)
 (−1,2  )
c)
 (−1,−1 )
 ( 2,−1 )
3 (1,0 ) =
 (1,−2 )+(2,2)
3 (1,0 ) =
 (−1,2 )+(4,−2)
 (−1,−1 )
 ( 2,−1 )
 (−1,2  )
 (1,−2  )  (−1,2  )
Figure 12: Geometric derivation of the relation 3[Λ+(1,0)] + 3 [Λ
−
(1,0)] = −[Σ(−1,2)]. We start
in a) from the two sets of non-compact Λ 3-cycles; after splitting their 1-cycle fiber in the
elliptic fibration, recombining the (1,−2) segments, and moving (p, q) segments across (p, q)
degenerations, without prong creation, we reach b); moving the remaining (1,−2) segment
across the C∗ degeneration, with prong creation, leaves a compact 3-cycle −[Σ(−1,2)] plus
non-compact 3-cycles not intersecting the compact ones.
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The initial four-dimensional gauge group is U(3)×U(2)×U(1), but is is easy to check
that two linear combinations of the U(1)’s are anomalous (with anomaly cancelled by
the Green-Schwarz mechanism) and get massive due to the B ∧F coupling 17. A third
linear combination
QY = −(
1
3
Q3 +
1
2
Q2 + Q1 ) (2.29)
(with Qi the U(1) generator of the corresponding U(N) factor) does not couple to any
four-dimensional B-field and hence remains massless. The generator QY plays the role
of hypercharge in the model, as can be checked from the full chiral multiplet spectrum
SU(3)× SU(2)× U(1)Y
3(3, 2)1/6 + 3(3, 1)−2/3 + 3(3, 1)1/3+
+3(1, 2)1/2 + 3(1, 1)1 + 6(1, 2)−1/2 (2.30)
which correctly reproduces left-handed quarks, right-handed quarks, leptons and three
pairs of vector-like higgs multiplets.
Notice that we have ignored states arising from intersections among non-compact
3-cycles, mainly because they are uncharged under the four-dimensional gauge group in
the non-compact setup. Upon compactification, the original non-compact cycles also
provide four-dimensional gauge interacions; however compactification will in general
also influence the number of intersection among originally non-compact 3-cycles, so it
is not too meaningful to study these states in a compactification-independent setup.
Clearly, many phenomenological features of the above model could be mentioned
here. However we prefer to move on and simply mention that the main features are
similar to those already mentioned in [2] 18. However, notice that, as mentioned in
the introduction, the present model avoids the problems in lowering the string scale
present in the toroidal setup.
It would be interesting to study the possibilities of model building in models with
non-trivial NS-NS and RR flux. As discussed in [45], suitable configurations of fluxes
may contribute to RR tadpoles, hence replacing some of the D-branes. This may lead
17Following [2], these are given in our case by
∑
aN(pa,qa)BaFa, with Ba =
∫
Σ(pa,qa)
C5.
18An important particular feature of this model is that it presents gauge coupling unification at the
string scale if we sit at the Z3 symmetric point. Hence unification may be considered accidental (not
generic over moduli space), or barely natural (since there is an enhanced symmetry at such point in
moduli space. We would like to note in passing that by the mirror symmetry relation below, the same
statements can be made concerning the models in [44].
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(−1, 1)( 0, −1)
( 1, 0 )
( 2, −1)
( −1, 2)
( −1, −1)
Figure 13: One of the 3-cycles, Π(1,0), on which wrapped D6-branes reproduce the mirror
of D7-branes at the C3/Z3 singularity. The remaining two are obtained by applying the Z3
geometric symmetry.
to an interesting mechanism to potentially getting rid of unwanted gauge factors and/or
matter multiplets. We leave this interesting possibility for future work.
Mirror symmetry, and further models
Given that the threefold we have used is mirror to the C3/Z3 orbifold singularity,
one may wonder whether the above Standard Model D-brane configuration has a con-
struction in terms of D-branes at the Z3 singularity. Phenomenological model-building
with such D-branes was studied in [44] (see also [46]), and it is interesting to notice
that the above model was not found. The key point is that the non-compact D-branes
used in [44], namely D7-branes, even though preserved N = 1 supersymmetry, do not
coincide with the mirrors of our non-compact D6-branes.
It is a simple exercise to construct D6-branes on non-compact 3-cycles which are
mirror to D7-branes on the Z3 singularity. One such 3-cycle, denoted Π(1,0), is shown
in figure 13, while the remaining two (denoted Π(−1,1), Π(0,−1)) are obtained through
action of the Z3 geometric symmetry
19.
The contribution of such 3-cycles to localized RR tadpoles are easily computed by
checking intersection numbers with the basic compact 3-cycles, or by a deformation
argument as shown in figure 14. The corresponding homology relation may be written
as
3 [Π(−1,1)] = [Σ(−1,−1)] (2.31)
19One may wonder which holomorphic 4-cycle the D7-brane is wrapping in C3/Z3. To some extent
this information is not too explicit in the mirror geometryW, since for example the symmetry between
the three complex planes (and hence the difference among D7-branes wrapped on different 4-cycles
zi = 0, i = 1, 2, 3) seems to be realized simply by a shift in the elliptic fiber direction.
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( 3, 0)
( 0,−3) (−3, 3)
b) c)
d) e)
+ ( 1,−2)
(−3, 3)
( 1, 1)
+ ( 2, −1)
(−1,−1 )
+ ( 1,−2) (−3, 3)
( 2, −1)
( 1, 1)
( 1, 1)
(−1,−1)
( 1, 1)
Figure 14: Geometric computation of the contribution of the non-compact 3-cycle Π(−1,1)
to the compact homological charge, using by now familiar rules. The deformation argument
leads to the relation 3[Π(−1,1)] = [Σ(−1,−1)].
Computing intersection number one obtains the generic structure of the resulting quiver
diagram, which is shown in figure 15a. Using D6-branes wrapped on the basic compact
3-cycles and these non-compact 3-cycles it is straightforward to reproduce the models
in Sections 3.3, 3.4 in [44]. One such example, with SM like spectrum is provided in
figure 15b.
We would like however to emphasize that the original model, directly constructed
in terms of 3-cycles in the threefold W (and without familiar mirror interpretation)
is much simpler and phenomenologically more appealing (in particular, it avoids extra
vector-like coloured triplets). This, in our view, shows that direct model building using
local configurations of D6-branes on 3-cycles in non-compact threefolds (regardless of
their mirror interpretation) is an interesting setup to explore new phenomenologically
realistic D-brane constructions.
Nevertheless, we would like to conclude this section by remarking a fact: The
realization of the same gauge sector within two completely different setups, namely D-
branes at singularities and intersecting D-branes, which are nevertheless related by a
string duality (mirror symmetry). It is amusing to understand how both constructions
manage to reproduce the same phenomenological properties (e.g. number of families
arising from the structure of the singularity on M or from the intersection number
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Figure 15: Figure a) shows the quiver diagram for the generic gauge theory sector on a set of
D6-branes wrapped on 3-cycles providing the mirror of D3- and D7-branes at a C3/Z3 singu-
larity. Figure b) shows the quiver diagram of a Standard Model like D6-brane configuration,
mirror to a D3/D7 -brane configuration in [44].
of 3-cycles on W; etc). It is also interesting to understand they lead to the same
phenomenological implications (e.g. gauge coupling unification at the point in moduli
space with enhanced global Z3 symmetry; superpotential couplings; etc). This fact has
far reaching philosophical implications concerning our view on how string theory might
reproduce the observed physics. Indeed, as emphasized in [45] the right question to ask
is not which setup is the one realized in Nature (since all of them are related by string
dualities, thus symmetries of Nature), but which setup provides the best description
at the point of moduli space where moduli are eventually stabilized. For instance,
the intersecting D-brane picture is most useful if moduli stabilize in a regime where
3-cycles have large sizes, while the picture of D-branes at the Z3 orbifold singularity
may be most useful in the region near the CFT orbifold point (where the 3-cycles have
stringy size and the intersecting brane picture is less useful).
It is easy to construct other examples of local configurations of wrapped D6-branes
leading to interesting gauge field theories. Leaving a more detailed exploration for
further work, we turn to discussing possible generalization of the above threefolds.
3 Generalizations
There are several simple generalizations of the above threefolds (2.1). We discuss
them briefly in this section, leaving their more detailed exploration (which seems very
promising) for future research.
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3.1 Multiple C∗ degenerations
A simple generalization of the above ideas is to consider threefolds again given by a
T2×C∗ fibration over a complex plane, with (p, q) degenerations of the elliptic fiber as
above, but now with several points of degeneration of the C∗ fibration. Such manifolds
are described by
u v = P (z) =
N∏
i=1
(z − zi)
y2 = x3 + f(z) x + g(z) (3.1)
Such manifolds are still Calabi-Yau 20. The rules to construct compact and non-
compact 3-cycles are analogous to the above one, by fibering over networks of (p, q)
segments, which now are allowed to have ends on the diverse degeneration points of
the C∗ fibration. Intersection numbers between two such compact 3-cycles receive
contributions only from intersection numbers of segments ending on the same C∗ de-
generation point. Intersection numbers of compact 3-cycles with 3-cycles spanning the
non-compact direction in C∗ may also receive contributions from intersections of seg-
ments away from the C∗ degenerations. We skip the listing of detailed rules, since they
should be clear from experience with previous threefolds.
Examples of such models are relatively similar to the constructions we have already
considered, hence we turn to other possible generalizations.
3.2 Double elliptic fibration
Another possible generalization of the threefolds (2.1) is to consider a double elliptic
fibration over the z plane
y2 = x3 + f(z) x + g(z)
y˜2 = x˜3 + f˜(z) x˜ + g˜(z) (3.2)
Namely the threefold is given by two different elliptic fibrations over the z-plane. At
points in the z-plane, one of the two elliptic fibers T2, T˜2, degenerates due to the
pinching of a (p, q) or (p˜, q˜) 1-cycle. For suitable choices of elliptic fibrations the above
non-compact threefold is Calabi-Yau. A global version of the above double elliptic
fibration manifold has appeared in [47].
20In fact, can be regarded as blown-up versions of a ZN quotient of (2) by an order N shift in the S
1
within the C∗ fibration, u→ e2pii/Nu, v → e−2pii/Nv, hence leaving the original point u = v = z = 0
fixed.
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The basic compact 3-cycles in the manifold (3.2) are obtained by considering a
segment stretching from a (p, q) to a (p˜, q˜) degeneration points, and fibering over it the
corresponding (p, q) and (p˜, q˜) 1-cycles in the elliptic fibrations.
More generally, it is possible to consider 3-cycles arising from networks of segments
in the z-plane, over which we fiber a two-cycle in the T2 × T2 fiber. One important
subtlety is that the charge that should be conserved at junctions is the 2-homology
class
[Π2−cycle] = (p[a] + q[b]) ⊗ (p˜[a˜] + (q˜[b˜]) =
= pp˜ [a]⊗ [a˜] + pq˜ [a]⊗ [b˜] + qp˜ [b]⊗ [a˜] + qq˜ [b]⊗ [b˜] + (3.3)
Which in general is not addition of (p, q) and (p˜, q˜) labels independently. Finally, the
external legs in the network should have factorized 2-cycles fibered over them, and
should end on the corresponding (p, q) or (p˜, q˜) degenerations.
The intersection numbers between two 3-cycles are computed by careful addition
with sign of the intersection numbers among the different segments. There are two
contributions to the intersection numbers of segments: i) two segments with labels
(p, q), (p˜, q˜) and (p′, q′), (p˜, q˜) ending on the same (p˜, q˜) degeneration contribute I =
pq′ − qp′ to the intersection number (and similarly for exchanged roles of tilded and
untilded); ii) an intersection in the z-plane of two segments with (in general non-
factorizable) 2-cycles [Π], [Π′], in theT2×T2 fibered over them, contributes I = [Π]·[Π′]
to the intersection number (with · denoting intersection product in the T2×T2 fiber).
Recalling that a C∗ fibration near a degeneration point provides a local model for
an elliptic fibration near a degeneration point, we notice that the geometries in section
3.1 provide a local model for double elliptic fibrations where all degenerations of one
fibration are mutually local, namely of the same (p˜, q˜) type. In fact it is easy to recover
the 3-cycles and their rules in section 3.1 by particularizing the ones in this section.
It is also a simple matter to generalize the discussion about supersymmetry in
section 2.3 to the present context. For instance, a calibrating 3-form can be taken as
[Ω3],= (dx˜1 + idx˜2) ∧ (dx1 + idx2) ∧ dz (3.4)
The basic 3-cycles we study are made of pieces of the form
x1 + ix2 = p+ τq = ae
iθ1
x˜1 + ix˜2 = p˜+ τ˜ q˜ = be
iθ2
z = ceiθ3 (3.5)
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Figure 16: Figure a) shows a 3-cycle in a double elliptic fibration threefold. Note the
conservation of 2-homology charge in the T2×T2 fiber as one moves across junctions. Figure
b) shows another representative 3-cycle in the same homology class, which is slag in the Z3
symmetric configuration. Notice that one of the segments has a non-factorizable 2-cycle (in
the class [Π] = [a1][a2]− [a1][b2]− [a2][b1]) in the T
2 ×T2 fiber.
parametrized by a, b, c ∈ R, so that the cycle is slag if each segment satisfies θ1 + θ2 +
θ3 = 0.
Notice that at some junctions, factorizable 2-cycles in the double elliptic fiber may
combine into a non-factorizable 2-cycle. We expect that the latter will lead to a slag
segment if the former do. A particular example of this is given below (figure 16b).
We would like to conclude by giving a simple example of a D6-brane configuration
in such a double elliptic fibration. Consider each double elliptic fibration to have the
following set of degenerations: (2,−1), (−1, 2), (−1,−1), which we order in a counter-
clockwise fashion as in figure 16 (this implies a choice of point in the moduli space).
This space is a Calabi-Yau threefold. Notice that at this point in moduli space there
is a geometric Z3 symmetry similar to (2.24), with the monodromy matrix now acting
on both elliptic fibers.
In Figure 16a) we present one particular compact 3-cycle in this threefold. Notice
that the 2-homology charge in the T2×T2 fiber is conserved across junctions. At the
Z3 symmetric configuration, the 3-cycle in figure 16a) has a slag representative shown
in figure 16b). Two other compact 3-cyles may be obtained by acting with the Z3
geometrical symmetry.
Let us consider a set of N D6-branes wrapped on each of these three compact
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3-cycles. It is possible to check that the resulting configuration cancels all localized
RR tadpoles 21. Finally by computing intersecting numbers, the final four-dimensional
chiral gauge theory has the quiver in figure 7b. Hence our present example gives a dif-
ferent construction of the chiral gauge field theory in section 2.5.1. It is then clear that
double elliptic fibrations have enough richness to yield interesting local configurations
of wrapped D6-branes.
3.3 Higher genus fibrations
There is a final class of generalization that we would like to mention. These new
geometries are obtained by fibering over a complex plane a C∗ fibration and a fibration
of a higher genus curve Σg. Over certain points in the base z-plane a 1-cycle of the genus
g curve fiber degenerates, hence degeneration points are labeled by the 1-homology class
of the degenerating 1-cycle [Π] =
∑g
r=1(pr[ar] + qr[br]).
In analogy with previous examples, one can construct a set of compact 3-cycles by
taking segments in the z-plane stretching between the degeneration point of the C∗
fibration and one of the degeneration points of the Σg fibration, and fibering over it
the S1 in the C∗ fiber and the corresponding 1-cycle [Π] in Σg. More generally, one
can construct more complicated 3-cycles by considering networks of segments in the
z-plane, over which one fibers the S1 in the C∗ fiber and a 1-cycle [Π] in Σg, and
ensuring conservation of the 1-homology class in Σg across junctions in the network.
The intersection number between two such 3-cycles is given by adding contributions
from segment intersection numbers. The latter only receive contributions from two
segments, of [Π], [Π′] kinds, ending on the C∗ degeneration point. The contribution is
given by
[Π] · [Π′] = (~p; ~q) · I · (~p ′; ~q ′) = ~p · ~q ′ − ~q · ~p ′ (3.6)
where (~p; ~q) = (pr; qr) and I =
(
0 1g
−1g 0
)
is the intersection form in Σg.
A few particular examples of Calabi-Yau manifolds of this kind have been considered
in the literature [48, 17]. Their introduction is motivated from consideration of the
manifolds mirror to orbifold singularities C3/ZN, other than Z3. Indeed, the particular
21A simple proof is to start with a homologically trivial small loop at the center of the configuration,
deform it to grow prongs to and from the elliptic degenerations, shrink the initial small loop, and then
suitably recombine the prongs to reproduce the three 3-cycles. By similar arguments, the general RR
tadpole condition for this threefold can be shown to be that the net number of outgoing prong from
the ith elliptic degeneration should be i-independent.
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Figure 17: Figure a) shows a configuration of D6-branes wrapped on the basic compact
3-cycles in a Calabi-Yau threefold given by a C∗-fibration and a genus 2 curve fibration over
the complex plane. Figure b) gives the quiver associated to the corresponding chiral gauge
field theory.
case of the mirror of the Z5 geometry was obtained from the mirror map in [48], and
is given by a genus 2 curve fibration with a set of five degenerate fibers, with labels
C1 = (0, 0;−1, 2) ; C2 = (−1, 0; 0,−3) ; C3 = (0, 1; 4,−1)
C4 = (0,−1;−1, 0) ; C5 = (1, 0;−2, 2) (3.7)
The resulting set of basic compact 3-cycles and the quiver for the chiral gauge theory
obtained upon wrapping D6-branes on them are shown in figure 17. Notice that it
reproduces the gauge theory on a regular D3-brane at the C3/Z5 singularity, a system
related to ours by mirror symmetry.
Certain features of other examples, as well as a discussion of the different compact
3-cycles in such geometries, have appeared in [17].
Even though the explicit example above was provided by mirror symmetry, it is clear
that given a threefold of the kind described above one may use D6-branes wrapped on
different sets of 3-cycles to generate other chiral gauge sectors. However, the construc-
tions of such manifolds and cycles is relatively technical and lies beyond the scope of the
present paper. Clearly, further generalizations by introducing further degenerations of
the C∗ fibration, or extending it to a new elliptic fibration should be clearly tractable
from the constructions above.
3.4 Orientifold models
It is straightforward to inmplement orientifold projections in the threefolds in section
2 or their generalizations, whenever they have a geometric Z2 symmetry. We will not
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explore the different possibilities of model building in detail, but we expect them to be
very rich, and very likely to yield the Standard Model intersection numbers of [3] in
suitable examples.
Any threefold with a Z2 geometric symmetry g may be orientifolded by quotienting
the configuration by Ωg (times (−1)FL if required). The configuration of wrapped D6-
branes should be Z2 invariant, via the introduction of orientifold images, and should
satisfy RR tadpole cancelation conditions that now may include the contribution from
the orientifold plane charges.
We would like to point out that, if one is not interested in supersymmetric configu-
rations, the non-compact setup allows in principle to construct models with orientifold
planes which are not O6-planes, since the corresponding RR charges can escape to in-
finity. This possibility was not available in the compact setup, so the present framework
may allow for more freedom 22.
There exist examples of such Z2 symmetries in particular examples of threefolds.
To give an example, if all the elliptic fibration degenerations are mutually local (say
all of (1, 0) type), and are distributed Z2 symmetrically with respect to the origin in
the z-plane, we may mod out by Ω times
z → −z ; x1 → x1 ; x2 → −x2 ; u→ −u ; v → −v (3.8)
The action on x1 + ix2, the complex coordinate on the elliptic fiber, is equivalent to
y → y, x → x in (2.1). The orientifold planes span a complex curve in u, v, z times
a real line in x1 + ix2, so the model contains O4-planes. Their RR flux may escape
to infinity, so there are no tadpoles cancellation condicions associated to them. Other
special examples of Z2 symmetries in particular threefolds are easily constructed and
may be useful in model building.
Clearly there are many possibilities. This kind of projections would break the
supersymmetries of the configuration, but many models in the literature are already
non-supersymmetric (in the spirit of [49]). Another interesting fact is that most of
these orientifold will not contribute to the tadpoles for the RR fields arising from
integrals of the RR 7-form over compact 3-cycles, hence they do not modify the RR
tadpole conditions for D6-branes. Indirectly (via the relation between tadpoles and
anomalies) this suggests that the matter content on the gauge theory may be free of
22On the other hand, one should note that if the O-planes introduced span too many non-compact
directions they may lead to other localized RR tadpoles requiring its own set of D-branes. However
the latter typically would not lead to chiral matter on the D6-brane gauge theory, so the net effect is
similar to simply forgetting their tadpoles.
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two-index tensor representations of the gauge groups (or may less fortunately lead to
equal number of symmetric and antisymmetric representations). This is important for
phenomenological purposes, since such fields tend to yield exotics not present in the
Standard Model (see e.g. [6]).
There are also the more familiar orientifold projections yielding O6-planes wrapped
on 3-cycles of the kind studied above. These are obtained when the geometric Z2 acts
antiholomorphically on the complex coordinates of the threefold. It is straighforward
to find examples of such actions.
For instance, starting with (2.1) with elliptic degenerations (2,−1), (−1, 2), (−1,−1)
in the Z3 symmetric configuration, we may mod by
u→ v ; v → u ; z → z ; x1 → −x1 ; x2 → x2 (3.9)
where x1 + ix2 is the complex coordinates in the T
2 fiber. The O6-plane spans the
imaginary axis in the z-plane, the S1 in C∗ and the 1-cycle (1,−2) in the elliptic fiber.
Hence it contributes an amount of −4[Σ(1,−2)] to the localized RR tadpole, with the
−4 arising from the O6-plane charge.
Let us build a configuration of wrapped D6-branes in this orientifolded threefold
background. Wrapping N D6-branes on the invariant 3-cycle [Σ(−1,2)], and N + 4 D6-
branes on the (Z2-related) 3-cycles [Σ(2,−1)], [Σ(−1,−1)], the configuration is tadpole-free.
The gauge theory spectrum is
Gauge group SO(N)× U(N + 4)
N = 1 Ch. Mult. 3 ( , , 1) + 3 (1, ) (3.10)
which can be codified in an orientifolded quiver [41]. Choosing N = 1, we recover a
three-family SU(5) grand unified model. In fact, this is nothing but the mirror of a
(local version of a) model in [50].
Hoping that these examples suffice to observe the general rules in orientifold con-
structions, we leave the detailed exploration of other explicit examples for future re-
search. See one further example in section 4.
4 Local intersecting brane-worlds in a two-torus
times a non-compact two-fold
In this section we describe the construction of yet another class of non-compact three-
folds. They are simpler than the above ones, yet we have preferred to postpone their
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discussion since in a sense they have a less general structure.
The manifolds we would like to consider are a global product of a two-torus times
a non-compact two-fold X. In principle we would like to restrict to the Calabi-Yau
situation, which enforces X to be either flat or a piece of a K3. For convenience, and
also because it parallels previous analysis, we choose to describe our two-fold as an
elliptic fibration over a complex plane.
y2 = x3 + f(z) x + g(z) (4.1)
Note that the geometry is very similar to the double elliptic fibrations in section 3.2,
with one elliptic fibration being trivial, i.e. without degeneration points. Hence the
rules below are easily obtained by particularizing those in section 3.2.
On this geometry we can consider different kinds of 3-cycles. The basic ones can be
constructed by taking the product of a 1-cycle (m,n) in the two-torus, times a segment
in the z-plane, over which we fiber a 1-cycle (p, q) in the elliptic fibration. We will
describe this pictorially by a segment in the z-plane carrying two labels (m,n) and
(p, q). For the 3-cycle to be closed, we need both ends of the segment to end on (p, q)
degenerations of the elliptic fibration.
A slight generalization is to consider segments over which we fiber a two-cycle in
the homology class [Π] in T2 × T2, where the last factor is the elliptic fiber. For
non-factorizable [Π] such 3-cycles are non-compact, since they are unable to end on
degeneration points of the elliptic fibration.
As usual, we may also consider more complicated 3-cycles, obtained by considering
a network of [Π] segments over the z-plane, over which we fiber the corresponding
2-cycles in T2 × T2, and ensuring conservation of the 2-homology class [Π] across
junctions. In order to obtain compact 3-cycles, the external legs in the network must
have factorizable [Π] and must end on the corresponding (p, q) degeneration of the
elliptic fibration.
The intersection number of two 3-cycles receives two kinds of contributions from
segment intersection numbers: i) two segments with labels (m,n), (p, q), and (m′, n′),
(p, q) ending on the same (p˜, q˜) degeneration contribute I = mn′ − nm′ to the inter-
section number; ii) an intersection in the z-plane of two segments with (in general
non-factorizable) labels [Π], [Π′], contributes I = [Π] · [Π′] to the intersection number
(with · denoting intersection product in T2 ×T2).
Notice that factorizable 3-cycles contain at least one non-trivial element in its first
homology group (since they are a product of S1 in T2 times a 2-cycle in X). Hence,
D6-branes on such 3-cycles lead to at least one adjoint chiral multiplet.
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For simplicity, below we consider some examples of this kind of construction for a
particularly simple kind of elliptic fibration, where all degenerations are of the same
(p, q) kind, which without loss of generality we take to be (1, 0). Other case may be
analyzed using the above rules.
An interesting feature of the elliptic fibration with N (1, 0) degenerations is that it
provides the mirror manifold of a C2/ZN ALE singularity
23. Hence the models with
D6-branes wrapped on compact 3-cycles may be related via two-fold mirror symmetry
with models of D-branes wrapped on 1-cycles in T2 and on holomorphic cycles in
the C2/ZN singularity. In particular cases, such B-type branes can be described as
D-branes sitting at the singular point in C2/ZN. Hence the models of D6-branes on
compact 3-cycles in the threefold may be in some cases related to models of D4-branes
wrapped on 1-cycles on T2 and sitting at a C2/ZN singularity. The latter models
were introduced in [2] (see also [51, 52]). In this sense, our construction in this section
provides a generalization of such models, including configurations not related to D4-
brane models. In particular we would expect that the general case of D6-branes on
3-cycles on T2 ×X to avoid certain unwanted features of D4-branes models, like the
generic presence of tachyons at intersections.
In figure 18a we show a particular choice of D6-branes wrapped on compact 3-
cycles in T2 times an elliptic fibration with three (1, 0) degenerations. Cancellation
of localized RR tadpoles is easily checked by a deformation argument. The spectrum
of the resulting chiral gauge theory is shown in the quiver diagram of figure 18b.
The configuration precisely reproduces the D4-brane model in section 4.3 in the first
reference in [2], to which it is related via mirror symmetry in X. Notice also that
certain features like the generic presence of tachyons can be tracked to the impossibility
of making the different overlapping 3-cycles simultaneously slag, no matter the location
of the elliptic fibration degenerations (i.e. no matter at which point in moduli space
one is sitting).
Notice that the spectrum is quite close to that of the Standard Model. An important
issue is to obtain a massless hypercharge. As in [2] one could in principle claim that
there is an anomaly free linear combination of U(1)’s which yields correct hypercharge
asignments. However, such combination does not pass the test (subsequently brought
to attention in [3], but still too often overlooked in the literature) of having no B ∧ F
couplings with four-dimensional 2-form fields. Hence the model has no hypercharge
23In fact such singularities are self-mirror, so it is also true that the fibrationX is a blown-up version
of C2/ZN. We prefer to regard it as its mirror to make it consistent with the mapping of branes
mentioned below.
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Figure 18: Local configuration of D6-branes wrapped on compact 3-cycles in a non-compact
manifold T2 ×X. The 3-cycles are products of 1-cycles (m,n) in T2 (these are the labels
in the figure) times 2-cycles in X. The latter are obtained by fibering over each segment the
(1, 0) 1-cycles in the elliptic fibration, since this is the only kind of degeneration. Notice the
change of notation with respect to other figures, namely the (m,n) labels on the segments
refer to the 1-cycle in T2 rather than to on the elliptic fiber.
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Figure 19: Yet another example of configurations of D6-branes on a threefold T2 ×X. As
in figure 18, labels in figure a) refer to the (m,n) charge in T2, whereas the (p, q) charge in
the elliptic fiber is (1, 0) for all cycles. Figure b) shows the quiver diagram for the resulting
gauge theory.
candidate and should be regarded as a simple toy model for our construction. This
seems to be a general feature of models of D6-branes wrapped on only compact 3-
cycles in T2 × X. Introduction of non-compact 3-cycles presumably allows to avoid
such problems in more involved models.
In figure 19 we present another example of wrapped D6-brane configuration, which
is not mirror of any configuration of D4-branes. It yields a gauge theory Standard
Model like group and three chiral families, but unfortunately also no hypercharge
candidate (and plenty of extra matter). It should not be difficult to modify examples
of this kind e.g. by introducing non-compact D6-branes and build phenomenologically
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Figure 20: A simple example of D6-branes wrapped on 3-cycles in an orientifold of the
T2 ×X geometry, along with its quiver diagram. Conventions are as in other figures in this
section. Note that quiver arrows may have two outgoing ends in an orientifold model [41].
Also, S and A denote two index symmetric and antisymmetric representations.
more appealing models.
Clearly it is possible to implement orientifold projections in the present setup.
One of the simplest possibilities is to consider only (1, 0) degenerations of the elliptic
fibration, and distribute them in a Z2 invariant fashion in the z-plane (say, z → −z).
One may then mod out by Ω times
z → −z ; x1 → x1 ; x2 → −x2 ; u→ −v ; v → u (4.2)
This introduces O6-planes wrapped on the S1 in C∗, the imaginary axis in the z-
plane, and the (1, 0) 1-cycle in the elliptic fiber. The contribution of the O6-plane to
the RR tadpole cancellation is computable from deformation arguments, or checking
intersection numbers. Such orientifold geometries are typically mirror of orientifolds
of T2 × C2/ZN orbifolds. Inclusion of wrapped D6-branes (and their Z2 images)
lead to intersecting brane worlds, which may have a simple mirror or not (as models
of D4-branes at the orbifold geometry), depending on the kind of wrapped branes
used. Rules to compute the spectrum follow from standard arguments and it would
be lengthy to attempt a general list here. Let us instead present an illustrative exaple
of a simple tadpole free configuration is given in figure 20. This particular example
contains branes with simple mirror D4-brane interpretation; indeed the model is mirror
to the D4-brane model in appendix I in [51]. It corresponds to a left-right symmetric
model SU(3)×SU(2)L×SU(2)R×U(1)B−L with three families of quarks and leptons.
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5 Configurations with Standard Model intersec-
tion numbers
5.1 Construction of the configurations
In this Section we would like to address a last issue. In [3] a set of intersection numbers
for 3-cycles in orientifolded Calabi-Yau models were proposed, such that, when wrapped
by D6-branes, lead to a gauge sector with exactly the chiral fermion content of the
standard model. Particular realizations of 3-cycles with those intersection numbers
has been achieved in orientifolds of the six-torus [3], certain orbifolds [51] and the
quintic Calabi-Yau threefold [7].
It would be extremely interesting to realize such intersection numbers in non-
compact threefolds of the kind studied in this paper. A superficial direct search has
not led to this structure, but we certainly do expect such models to exist, and be
classifiable once more formal exploration tools are developed. The threefolds we have
studied seem rich enough to allow intersection patters as specific as those in [3]. We
expect much progress in this direction.
In this Section we introduce a new class of non-compact threefolds, which are not
Calabi-Yau, but have the interesting property of leading, in a relatively simple way
to the Standard Model intersection numbers in [3]. The threefolds we consider are
topologically T2 ×T2 ×Y, with Y a non-compact Riemann surface. The motivation
to use these threefold will become clear below. Since the geometry of the onefold Y
and its set of compact 1-cycles are quite different from previous geometries, we briefly
describe them.
Any non-compact Riemann surface can be conveniently described as a double cover
of the complex z-plane, with a certain number N of branch points zi
y2 =
N∏
i=1
(z − zi) (5.1)
Branch cuts connecting the two sheets of the cover emanate from the branch points,
and end on other branch cuts or go off to infinity. The double cover representation of
the 2-torus (minus one point to make it non-compact) is shown in figure 21.
In this geometry, non-trivial 1-cycles are described by closed paths surrounding
two branch points. If both share a common branch cut, the 1-cycle lives in one of
the sheets; whereas if the two branch points correspond to different branch cuts the
resulting 1-cycle crosses them and contains pieces in both sheets. Other 1-cycles may
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Figure 21: Double cover representation of the two-torus (minus one point). Thick lines
correspond to branch cuts joining the two sheets. Thin lines show the two non-trivial a and
b 1-cycles; continuous and dashed pieces live in different sheets of the cover.
be constructed by combining the above basic set. Let us note for completeness that the
1-cycles can be deformed, preserving the homology class, keeping in mind to change the
sheet whenever they cross a branch cut. Examples of the non-trivial a and b 1-cycles in
the 2-torus are shown in figure 21. Hence the number of branch points determines the
number of holes in the Riemann surface, whereas the number of boundary components
is determined by the structure of branch cuts going off to infinity. For simplicity we
consider double covers where the number of branch cuts going to infinity is minimal,
namely zero or one for even or odd N (other cases are similar). We also choose a
canonical representation, to be used in topological matters, where branch points are
counterclockwise ordered in a circle in the z-plane, with branch cuts starting at z2k−1
and ending at z2k (and a last branch cut going off to infinity outwards from the unpaired
branch point for odd N).
An interesting property to be used below is that there exists a simple set of 1-
cycles, denoted γ(i,i+1), defined as closed paths surrounding (counterclockwise) the
branch points zi, zi+1, and whose only non-vanishing intersection numbers are
γ(i−1,i) · γ(i,i+1) = 1 (5.2)
with i defined moduloN . Moreover, it is straightforward to use a deformation argument
to show the homological relation
N∑
i=1
[γ(i,i+1)] = 0 (5.3)
Examples of this set for even and odd N are shown in figure 22.
We are interested in configurations of D6-branes wrapped on 3-cycles inT2×T2×Y,
given by a product of three 1-cycles, one per factor (As usual we skip the discussion of
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Figure 22: A set of non-trivial γ(i,i+1) 1-cycles in two Riemann surfaces with even and odd
N .
non-factorizable 3-cycles). Using 1-cycles of Y of the kind described above, each stack
of D6a-branes is labeled by its wrapping numbers in T
2×T2, namely (n1a, m
1
a), (n
2
a, m
2
a)
and an index ia corresponding to its 1-homology class in Y, γ(ia,ia+1). Denoting by [Π]
the 2-homology class of the 3-cycle in T2 × T2, the intersection number between the
3-cycles associated to the ath and bth stack is
Ia,b = [Πa] · [Πb] × (δib,ia+1 − δib,ia+1) (5.4)
This number determines the number of arrows joining the nodes associated to a and b
in the quiver diagram.
The contributions to the RR tadpoles are easily computed by checking intersection
numbers in the generic quiver, or by using homological relations like (5.3) from defor-
mation arguments. For instance, denoting [Πi] the total 2-homology class in T
2 ×T2
associated with D6-branes on wrapped on the 1-cycle γ(i,i+1) in Y, we may guarantee
cancellation of RR tadpoles by requiring
N∑
i=1
[Πi] = 0 (5.5)
Instead of building examples of this kind, let us introduce a further ingredient re-
quired to reproduce the Standard Model instersection numbers, namely the orientifold
projection. We may for instance mod out by Ω times
z1 → z1 ; z2 → z2 ; z → z (5.6)
on the complex coordinates z1, z2 of T
2×T2, and on (5.1). Such symmetry is present
for onefolds Y with a set of branch points and cuts invariant with respect to the
imaginary z axis, as in figure 22. Also the 2-tori are restricted to be rectangular
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or tilted at a particular angle. In the latter case, we introduce (possibly fractional)
effective wrapping numbers (n,m) with m integer or half-odd if n is even or odd [4].
We would like to describe an orientifold action on the homology classes of 3-cycle.
Consider for concreteness the case of odd N , where due to Z2 symmetry the unpaired
branch cut must lie at imaginary z. Labelling such branch point as i = (N +1)/2, the
orientifold action on 3-cycles we are interested in is to change their labels as follows 24
(n1, m1), (n2, m2), i → (n1,−m1), (n2,−m2),−i (5.7)
The contribution of the O6-plane to RR tadpoles can be computed using intersec-
tion numbers or deformation arguments. With this information it is now possible to
look for configurations of D6-branes on 3-cycles which reproduce the Standard Model
intersection numbers. However, instead of performing a brute force attempt, it will
be useful to note that the same algebraic problem has already appeared in a different
(but possibly related, see below) context. Such small detour will also make manifest
our motivation to study the above threefolds and the above set of 1-cycles in looking
for the Standard Model intersection numbers.
One particular realization of the spectrum of just the Standard Model has been
provided in [51] in (orientifolded) configurations of D5-branes wrapped on 2-cycles on
T2 × T2 and sitting at a C/ZN singularity. In such models, stacks of D5-branes
are labeled by an index i defined modulo N , defining its Chan-Paton eigenvalue with
respect to the ZN action. The chiral spectrum from strings stretched between the a
th
and bth stacks is given by
Ia,b = [Πa] · [Πb] × (δib,ia+1 − δib,ia+1) (5.8)
where the last piece arises from the quiver structure of the C/ZN singularity.
The key point is that the numbers of bi-fundamental chiral fermions (5.8) in D5-
brane models exactly coincides with the intersection numbers of 3-cycles inT2×T2×Y.
Moreover, the orientifold action on D5-brane stacks exactly coincides with the label
exchange (5.7). Similarly, the translation of constraints (5.5) to D5-brane language
reproduces the cancellation of twisted RR tadpoles for D5-branes at C/ZN.
24Strictly speaking the orientifold action (5.6) does not act like this on 1-cycles in Y. On the other
hand, it does act in this fashion on certain linear combinations of 1-cycles, which have the same
intersection as the original ones. This implies that there exists an orientifold action, related to (5.6)
by a change of variables (symplectic transformation), which acts on 1-cycles as (5.7). To simplify the
discussion we stick to the latter.
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Figure 23: Figure a) shows the structure of cycles used in the construction of the Standard
Model example. Figure b) provides the quiver diagram for the resulting gauge theory, which
indeed reproduces the Standard Model (plus right-handed neutrinos).
Hence the problem of finding explicit realizations of configurations of D6-branes
wrapped on 3-cycles inT2×T2×Y is algebraically isomorphic to the problem of finding
explicit models of D5-branes in T2×T2×C/ZN. In [51] explicit models of D5-branes
leading to the chiral spectrum of just the Standard Model were constructed. Using the
above mapping, it is an straightforward exercise to describe explicit configurations of
D6-branes on 3-cycles producing exactly such spectrum.
For instance, consider the configuration of D5-branes with wrapping numbers and
Chan-Paton factors as in table 4 in [51] for the particular choice n1a = n
1
d = 1, ǫ =
ǫ˜ = ǫh = 1, β
1 = 1/2. This translates into a configuration of D6-branes in a geometry
T2 × T2 ×Y3, with Y3 having three branch points. The configuration contains D6-
branes wrapped on the 3-cycles as follows 25
a 3 (1, 1/2)× (3,−1/2)× γ0,1
b 2 (2, 0)× (1,−1/2)× γ1,2
c 1 (2, 0)× (0, 1)× γ1,2
d 1 (1,−3/2)× (1,−1/2)× γ0,1
h 4 (2, 0)× (2, 0)× γ0,1 (5.9)
and their orientifold images (denoted a∗, b∗, etc). The configuration is schematically
shown in figure 23a).
The configuration can be checked to be free of tadpoles. Upon computation of
intersection numbers, we obtain
Iab = 1 ; Iab∗ = 2
25In order to obtain final intersection numbers in agreement with those in [3], we have exchanged
d↔ d∗ with respect to [51].
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Iac = −3 ; Iac∗ = −3
Ibd = 0 ; Ibd∗ = −3
Icd = −3 ; Icd∗ = −3 (5.10)
precisely reproducing the Standard Model intersection numbers (2.3) in [3]. It should
be obvious how to map any other D5-brane model in [51] to a local configuration of
D6-branes on 3-cycles with intersection numbers (5).
There is one last issue, crucial to indeed obtain the Standard Model spectrum. This
is the constraint that a linear combination of U(1)’s remaining massless plays the role of
hypercharge. Very remarkably it is possible to compute the BF couplings in the setup
of D6-branes on 3-cycles and recover the same condition as in models of D5-branes.
Hence the above setup provides a new realization of the Standard Model intersection
numbers, now in terms of D6-branes wrapped on compact 3-cycles in a non-compact
threefold. Although the background geometry is non-supersymmetric, we find the
result very satisfactory. The final spectrum is given in table 1, taken from [3].
Intersection Matter fields Qa Qb Qc Qd Y
(ab) QL (3, 2) 1 -1 0 0 1/6
(ab*) qL 2(3, 2) 1 1 0 0 1/6
(ac) UR 3(3¯, 1) -1 0 1 0 -2/3
(ac*) DR 3(3¯, 1) -1 0 -1 0 1/3
(bd*) L 3(1, 2) 0 -1 0 -1 -1/2
(cd) ER 3(1, 1) 0 0 -1 1 1
(cd*) NR 3(1, 1) 0 0 1 1 0
Table 1: Standard model spectrum and U(1) charges
5.2 Mirror symmetry
The above intricate agreement in the topological properties of D5-branes at C/ZN
and D6-branes in Y demands a deeper explanation. We strongly suspect that this
explanation arises from mirror symmetry between C/ZN andY, as we roughly explain.
The mirror of C/ZN has been determined using the world-sheet techniques of [53]
in [54]. It is described by (the infrared limit of) an N = 2 supersymmetric two-
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dimensional Landu-Ginzburg model with superpotential
w(x) = xN + f(x) (5.11)
where x is a chiral multiplet, and f(x) contains lower order terms which deform the
structure of the vacua (and are related to the amount of condensation of closed string
twisted tachyons). Its form will not be too important for most of our discussion.
From the geometric viewpoint, the mirror is a non-compact one complex dimen-
sional space Y˜ described as the hypersurface (5.11) in the C2 parametrized by w, x. It
is an N -fold cover of the w plane, with N − 1 critical points w∗,i at which dw/dx = 0.
For each value of w there exist N values of x which are pre-images of the map w(x) and
so project down to the same point. These values of x are distinct, except at the cricical
values w∗,i, where two pre-images coincide
26. Hence as w varies (5.11) describes N
generically disconneted branches, a pair of which touch at each critical point (which
pairs join at which critical point depends on the structure of w). Asymptotically at
large w the kth branch tends to x = w1/Ne2pii k/N .
The structure of the 1-cycles on which D-branes can wrap in Y˜ has been determined
in [14] (section 5.2). They correspond to real curves coming in from infinity along x =
w1/Ne2pii k/N , reaching a critical value where the kth and k′th branches touch, and going
off to infinity along x = w1/Ne2pii k
′/N . Such 1-cycle, denoted γ(k,k′), has a projection
in the x-plane which looks like a wedge of angle 2π(k − k′)/N . Roughly speaking 27 a
basis of 1-cycles is provided by γ˜(i,i+1) with i = 1, . . . , N with the homological relation∑N
i=1 γ˜(i,i+1) = 0, see figure 24c.
The intersection numbers of these 1-cycles 28, has been computed in [14], sections
2.4.1 and 5.2 to be
γi−1,i · γi,i+1 = 1 (5.12)
This precisely reproduces the quiver diagram of the C/ZN orbifold, as expected from
mirror symmetry.
There is a remarkable analogy between the structure of 1-cycles in the geometry
Y˜ and our onefolds Y. This relation seems to go beyond mere topology, and hold
26Such values of x correspond to the (generically massive) vacua of the two-dimensional world-sheet
theory.
27Which 1-cycles indeed exist depends on the critical point structure and hence on W . We assume
a suitable choice so that the following basis exists.
28Since the 1-cycles are non-compact, the intersection numbers are more properly defined as the
number of solitons between the two corresponding two-dimensional vacua of the LG theory.
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a) b) c)
Figure 24: Schematic depiction of the relation between 1-cycles in the geometries Y, Y˜.
Starting from 1-cycles in Y, one may deform the branch cuts to reach b). Since the 1-cycles
in b) do not cross any branch cuts, the double cover structure is not too relevant, and the
1-cycle geometry reproduces that of 1-cycles in Y˜, figure c.
even at the level of the holomorphic structure, since the geometries may be related by
a transformation preserving it, as we show in figure 24. Hence, we strongly suspect
that there is a weak equivalence relation between the geometries Y˜, Y, in the sense of
[53], which allows to consider Y as the mirror of C/ZN. This relation would therefore
explain the close relation of our D6-brane models in this section to models of D5-branes.
5.3 Relation to models on T6 with infinite throats
It is interesting to compare the configurations with Standard Model intersection num-
bers, realized in terms of D6-branes on T2 ×T2 ×T2 vs on T2 ×T2 ×Y. One main
difference is that the latter are non-compact geometries; hence (once plugged into a
global compact model) allow to lower the string scale while maintaining a large Planck
scale, and preventing the appearance of too light Kaluza-Klein gauge bosons. Interest-
ingly enough, in the case discussed above of Y with three branch points, denote it Y3,
it may be regarded as a two-torus with an infinite throat rendering it non-compact.
From this viewpoint, models constructed by gluing T2×T2×Y3 to a global compact
large space may be regarded as models of D6-branes wrapped on a local region which
is almost T6, but which contains a throat connecting it with the rest of (an arbitrarily
large) geometry. The models therefore provide an explicit realization of the mechanism
proposed in [2] to solve the low string scale problem.
In fact, this suggests an alternative way of constructing Standard Model local con-
figurations of D6-branes on 3-cycles in T2×T2×Y3. Namely, one may take any model
in table 2 in [3], and map the homology class of the 1-cycles in one of the tilted 2-tori
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(by [4] there must be at least one) to homology 1-cycles in Y3, via the rule
[a]→ [γ(1,2)] ; [b]→ [γ(1,2)]− [γ2,0] (5.13)
This maps consistently the orientifold action (5.6) on 1-cycles in Y3 with with the
orientifold action [b] → −[b], [a] → [a] − [b] for the tilted 2-tori in [3]; the mapping
also preserves intersection numbers (modulo an irrelevant overall sign). Using this
mapping the models of D6-branes on T6 can be translated to models of D6-branes on
T2×T2×Y3, preserving the physical properties of the corresponding gauge theory: for
instance, the chiral spectrum, or more remarkably the BF couplings of U(1) generators
to RR fields. This allows the construction of large classes of models of D6-branes on
3-cycles in T2×T2×Y3 with just the Standard Model spectrum; we leave the details
to the reader.
Hence the above trick provides a systematic way of starting from a purely toroidal
T6 model and mapping it to a model in a geometry with is T6 with an infinite throat
glued to it. More generally, one may consider threefolds which are products of non-
compact Riemann surfaces. This is advantageous since it introduce more non-compact
dimensions, and facilitates the task of generating large Planck masses from low string
scales. The models may easily be constructed by starting with T6 models and mapping
the 1-homology classes on the T2 factors to homology classes in Y3 factors. At the
price of giving up supersymmetry in the closed string sector (which may be a moderate
one, given that we may lower the string scale), one may construct large classes of
models which are toroidal in the neighbourhood of the D6-branes, but contain infinite
throats only felt by closed string sector modes.
6 Conclusions
Our purpose in the present paper has been to point out the existence of large classes of
relatively simple non-compact Calabi-Yau threefolds with compact 3-cycles intersecting
at points. They may be easily used to construct local model of four-dimensional chiral
gauge theory sectors, by wrapping D6-branes on such 3-cycles. We have also provided
the basic rules to compute their intersection numbers and contributions to RR tad-
poles, and have illustrated diverse model building possibilities with explicit examples,
some of them with phenomenologically very appealing spectrum. In fact, by relaxing
the constraint of having a supersymmetry preserving geometry, we have suceeded in
constructing (moreover, in giving precise rules to construct large classes of) explicit
models with just the Standar Model spectrum.
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We would like to emphasize once more that, even though the threefolds we have
centered on first appeared in the context of mirror symmetry, the manifolds can be
constructed without help from mirror symmetry. In fact, the strategy should be to
construct threefolds with interesting structure of intersecting 3-cycles, and interesting
configurations of D6-branes wrapped on them, regardless of their mirror symmetry
properties.
There are several directions that should be explored in the present setup. A more
complete classification of the kind of threefolds with compact 3-cycles would be de-
sirable. Even in the concrete class studied in this paper, a better control over the
sets of (p, q) degenerations that are allowed consistently with the Calabi-Yau condition
would be desirable (or even if one relaxes beyond supersymmetric geometries). Also,
given a particular geometry, it would be useful to find a systematic and efficient way
of describing a basic set of compact and non-compact 3-cycles generating the complete
(compact and non-compact) 3-homology, in order to allow a more systematic search
for consistent D6-brane configurations, and a systematic computation of their generic
spectra. Such formal developments seem quite crucial in providing a general view on
the class of gauge theories which may be engineered in this setup, and to search for
particular solutions with specific spectra (for instance, the Standard Model intersection
numbers in [3]). We hope to report on these ideas in the future.
A final open avenue which we would like to mention is the M-theory lift of con-
figurations of this kind preserving N = 1 supersymmetry. As discussed in e.g. [55],
they should correspond to purely geometrical configurations involving a non-compact
7-manifold admitting a G2 holonomy metric. The possibility of obtaining non-abelian
gauge interactions and chiral fermions from such G2 configurations had been noticed in
[56], and proposed to be used for phenomenological purposes. Unfortunately, compact
G2 manifolds are difficult to construct, beyond the implicit definition as lifts of IIA
configurations with O6-planes and D6-branes [57, 6, 58]. On the other hand, the only
known non-compact G2 manifolds lead to non-localized gauge interactions, correspond-
ing to A-D-E singularities fibered over non-compact 3-manifolds [56].
The kind of type IIA configurations we have studied, however, would lead to com-
pletely four-dimensional gauge interactions and chiral fermions, despite the fact that
the complete G2 manifold is non-compact. Some of the type IIA configurations we
have studied, like that in section 2.5.1, seem symmetric enough to have a relatively
simple lift. Although their G2 metrics are presumably beyond present techniques (even
the metric for the base Calabi-Yau is not known), the topology of the seven-manifold
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is likely to be computable and lead to a simple answer. Such a result would be in-
teresting to e.g. reinterpret tadpole cancellation constraints in terms of geometry (a
related discussion is in [59]); but more importantly would provide the first realization
of four-dimensional chiral gauge theories genuinely from M-theory on G2 manifolds.
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